A MLS-based lattice spring model is presented for numerical modeling of elasticity of materials. In the model, shear springs between particles are introduced in addition to normal springs. However, the unknowns contain only particle displacements but no particle rotations. The novelty of the model lies in that the deformations of shear springs are computed by using the local strain obtained by the moving least squares (MLS) approximation rather than using the particle displacements directly. By doing so, the proposed lattice spring model can represent the diversity of Poisson's ratio without violating the requirement of rotational invariance. Relationships between micro spring parameters and macro material constants are derived from the Cauchy-born rules and the hyperelastic theory. Numerical examples show that the proposed model is able to reproduce elastic solutions obtained by finite element methods for problems without fractures. Therefore, it is capable of simulating solid materials which are initially continuous, but eventually fracture when critical stress and/or displacement levels are reached. A demonstrating example is presented.
Introduction
To model a fracture processes in solid, a family of methods coined as lattice models (LMs) have been developed. They are based, in principle, on the atomic lattice models originated from condensed matter physics. In these models, material is represented by a system of discrete units (e.g. particles) interacting via connecting elements. These discrete units are much coarser than the true atomic ones and may represent larger volumes of heterogeneities such as grains or clusters of grains.
Compared to a true lattice model, the use of coarse lattices in lattice models dramatically reduces the number of degrees of freedom, and hence makes simulation of continuum systems affordable for medium-sized computers. Lattice models are more suitable for modeling fracture of materials than conventional finite element methods (FEMs) because the former ones simulate fracture by either simply removing connecting elements that exceed the strength or successively degrading their mechanical properties according to cohesive laws. The spatial cooperative effects of crack formation and heterogeneities can be easily investigated through the use of LMs [1, 2] .
There exist two different types of lattice models. In the first type models, the material is discretized as a network of springs or beams whose geometry is not related to the actual internal geometry of the material. Here the discrete units are merely lattice sites (nodes). This type of models can be further classified into lattice spring [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and lattice beam [23] [24] [25] [26] models according to the number of degrees of freedom per node and the mechanical properties of connecting elements. In a lattice three-dimensional cases and 0.33 for two-dimensional cases. Such restriction is not suitable for many materials and it can be overcome by introducing non-central force interactions (shear springs) between particles. Hassold and Srolovitz [16] proposed a method to modify the Poisson's ratio by introducing a harmonic potential for rotation of bonds from their initial orientation. Here bonds denote the connecting elements between particles. A non-central two-body interaction limiting the rotational freedom of bonds is introduced in the Born spring model [17, 18] to allow a broad choice of Poisson's ratio. Nevertheless, rotational invariance of the models can only be recovered if a three-body interaction is considered. The Kirkwood-Keating spring model [19] [20] [21] [22] introduces angular springs to penalize the angular variations between the contiguous bonds incident onto the same node. It is worth mentioning that LSMs are a close relative of FEMs. It has been shown that LSMs are algebraically equivalent to simple FEMs [19, 35] . A finite element mapping procedure has also been proposed to define the spring network representations of solids with an attempt to reproduce all possible material's parameters [36] . Literature review on the development of LSMs can be found in [37, 38] .
The present paper proposes an alternative MLS-based lattice spring model, which allows one to overcome the restriction on Poisson's ratio while preserving the rotational invariance. The model presented in this paper is two-dimensional and it includes a normal spring and a shear spring for each pair of particles. The deformation of the springs is evaluated by using the local strain rather than the particle displacements. It will be shown that this technique makes the model rotationally invariant. The local strain is calculated via the moving least squares method (MLS) or by using the constant strain triangular element. Firstly, the proposed model and associated numerical techniques are described. Secondly, the relationship between spring stiffnesses and elastic constants are derived. Then, the model is validated by numerical simulations of two elastic problems, the effect of negative shear stiffness is studied, and the importance of rotational invariance is revealed. Finally, an example showing the application of the model for fracture simulation is presented.
The model
The proposed lattice spring model is illustrated in Figure 1 in which the material is represented by a distribution of particles linked through bonds. Each bond includes one normal spring and one shear spring. The bond stiffness matrix is of the form
where n k is the normal stiffness and s k is the shear stiffness. Assume the strain of the bond is 
ε n n n n (3) where l is the original length of the bond, n is the normal vector of the bond which is 
Using the matrix form as ˆ= u Ts to represent these equations, where T and s are given as x y x y x y n n n n l n n n n n n
Here s is the vector composed of the three strain components. It can be calculated according to = s Bu (8) where B is the interpolation matrix and u is the displacement vector. For the type-I bond (see Fig. 1 
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where e i N is the element shape function associated with the node i . For the type-II bond (see Fig.   1 ) which belongs to two triangular elements, a moving least squares (MLS) procedure [39] is adopted to calculate s . The explicit computation of derivatives of the MLS shape functions is provided in [39] . The method will not involve any matrix inversion or linear system solving operations. Here, the explicit formularies of MLS shape functions of 4 nodes under linear basis provided in [39] will be directly used. Details of this explicit MLS computation method can be found in [39] . In this sense, we will have 
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The weight function w used in this paper is the widely used Gauss function The strain energy stored in each bond is
The global stiffness matrix contributed by each bond is obtained as ( )
Finally, the global stiffness matrix is assembled bond by bond. The boundary conditions specified by displacement or force are treated in the same method as in the standard FEM. The proposed model with û calculated from the local strain as described before is denoted as Distinct Lattice
Spring Model (DLSM). A proof of rotationally invariant property of DLSM is given Appendix A.
Hereafter, the proposed model with û obtained directly from the particle displacements is called Classical Lattice Spring Model (CLSM) and the stiffness element of each bond can be simply written as (18) where T is given as
Relationship between spring parameters and elastic constants
In this section, the relationship between spring parameters and elastic constants is derived by following the approach used in the virtual multi-dimensional internal bond model [40, 41] . The total strain energy stored per unit volume is ( ) . The stress tensor of the continuum can be obtained through the Cauchy-born rule [42] and the hyperelastic theory [43] and it can be written as
The elastic modulus is expressed as ( )
When the total number of bonds is large enough, Equation ( ) 
For the linear elastic cases, the tangent modulus is equal to the secant modulus and Equation (23) can be considered as the secant modulus. So the following relationship exists:
where [ ] T 11 22 12 , , 22 12 , , 2 ε ε ε = ε . Here ij σ and ij ε are the components of stress and strain tensor, respectively. By integrating Equation (23) and using Equation (24), the corresponding elastic matrix is obtained as:
, then the relationship between the spring parameters n k , s k and the macro elastic constants, i.e. the Young's modulus E and the Poisson ratio ν can be obtained from Equation (26) as follows: 27) for the plane-stress problems and
for the plain-strain problems. Given the geometry data of the lattice spring model, 2D α can be estimated through: (29) where i l is the original length of the ith bond. Equations (27) and (28) Compared to the displacement results obtained by FEM, the maximal relative errors of CLSM and DLSM (denoted as Err_1 and Err_2) are given in Table 1 for four different values of Poisson's ratio.
In all cases the errors of DLSM are rather small, while the errors of CLSM are very large except for the case of Poisson's ratio equal to 1/3 where shear spring is absent. Therefore, it can be concluded that shear spring must be introduced by preserving rotational invariance as done in DLSM in order to reproduce reasonably the elastic solutions for Poisson's ratios other than 1/3.
The convergence of DLSM is studied by solving the same problem with different lattice sizes. Table 2 , from which it is observed that the random lattice structure gives better results than the regular lattice does. The reason is that the relationship between the model parameters and the material constants is derived based on the assumption that the bond orientation distribution is uniform. Hence, a random lattice is preferable when applying the relationship to obtain the model parameters from the material constants.
By inspection of equations (27) and (28) 
Square hole subjected to compression
In this subsection, a more complex plain-stress problem is solved by DLSM. Figure 6 shows the geometry, the loading condition, and the lattice structure for this problem. The elastic constants are . However, this is not a deficiency of the method, because incompressible solid materials do not exist. The negative stiffness of shear spring seems non-physical, but the negative stiffness can have a physical explanation molecular level. This is discussed in Appendix B.
Moreover, in reality materials with negative stiffness are also reported and used for extreme damping in composite materials [44] . In this sense, DLSM provide a solution for the Poisson's ratio problem existing in the lattice spring models.
Fracture simulation
The proposed model is applied to the fracture simulation of a solid specimen with a side notch subjected to quasi-static tensile loading in the plain-stress condition. The geometry and the loading setup are shown in Figure 9 . The controlled displacement on the top is 0.01m. The elastic constants of the material are 3 10 MPa E = and 0.2 ν = . Again, the spring parameters are obtained according to Eq. (27) . Because the purpose of this example is to demonstrate the easy feature of the model for fracture simulation, we only consider the tensile failure of bond, which occurs when n t F F − > (30) where n F is the normal force of the bond and t t n F k γ = is the tensile strength of the bond with t γ being the limit value of the bond's stretching. More sophisticated bond fracture criteria can be implemented in the model for more realistic modelling of fracture processes. During the simulation, the normal deformation of each bond is calculated using Eq. (5), from which the normal force is obtained by multiplying the normal stiffness. Then, according to Eq. (30), the status of each bond (failure or not) is obtained. Whenever a bond fails, it is deleted from the calculation procedure. The simulation was performed using 0.0003
The damage pattern is presented in Figure 10 for four stages. The bond in which failure occurs is marked by double red lines around the center of the bond. With regard to the crack patterns obtained, the simulation gives a realistic description of the fracture process of the notched solid specimen under tensile loading. 14 
Conclusions
The paper presents an alternative MLS-based lattice spring model, in which the deformation of shear springs is calculated by using the local strain instead of the particle displacements. show that the proposed lattice spring model is suitable and convenient for fracture modeling. The proposed method is based on the discrete spring model and has no integration involved in the calculation procedure. Therefore, it has the potential of being fully meshless and more advantageous than FEM in modeling dynamic fracturing problems. The further development of fully meshless explicit 3D DLSM and more realistic modeling of fracture using advanced failure criteria will be reported in the forthcoming papers.
Appendix A

Proof of rotation invariant in DLSM
In this appendix, Equation (3) used for evaluating the deformation of shear springs in DLSM is derived. First, consider a cubic unit (a microelement of the elasticity body) containing a bond connecting two particles as shown in Figure A1 .
The complete 1 st order displacement function of the cubic is 
Assuming the center of the block at ( ) 
Equation (A.3) can be further written as 
From (A.4), we have 
Using the above relations, Equation (A.4) can be transformed into
where .6) and the normal unit vector is
where l is the length of the bond. The relative normal displacement vector is defined as 12 12 12 12
By vector operation, the relative shear displacement vector is obtained as 
Now, by applying Equation (A.5), the relative displacement vector can be represented as
With the above equation, it is straightforward to show that the relative normal displacement vector is only dependent on the strain related term because of the following equivalence ( )
However, for the relative shear displacement vector, if we directly substitute (A.10) into (A.9), the rotation related term will not vanish. It is known that rigid rotation of the cubic should not produce strain energy. Therefore, in DLSM, the rotation related term is removed from the calculation of the relative shear displacement vector, namely, the relative displacement vector in (A.9) is not calculated anymore by using (A.10) or (A.6), but by using the following 
Writing (A.11) in the vector form, we get .12) Finally, the relative shear displacement vector (the vector form of (A.9)) can be written as
Then, the magnitude of shear deformation can be given as .14) where ( )
n n ′ = − n is the unit vector perpendicular to n .
Moreover, consider one rigid body rotation defined by .15) where ω is the angular displacement vector with components T , ,
the true gradient of this displacement field is found to be
It is obvious that the strain tensor T ( ) 2 = ∇ + ∇ ε u u vanishes given the skew nature of ∇u . The least square approximation adopted in DLSM to calculate the gradient of the displacement field is first-order consistent, i.e., it is able to reproduce any linear function and its gradient, so the correct skew nature of ∇u is kept numerically. Therefore the calculated strain ε is also invariant with respect to the rigid body rotation.
Overall, it is ensured that the DLSM model is rotationally invariant in the sense that the strain energy is independent of rigid rotation.
Appendix B
Physical interpretation of negative spring Given a molecular model as shown in Figure B1 Therefore, the proof of negative shear spring can be based on the potential functions used in MD simulation. It is known that the Poisson's ratio of silver is 0.37, which corresponds to negative shear spring stiffness in the DLSM model. The atomic lattice structure of sliver is shown in Figure B2 .
The Finnis-Sinclair potential proposed by Sutton and Chen [45] can be used to describe silver, which can be written as
Both repulsive and attractive contributions are included in this potential. The repulsive part is realized by a pair potential, while the attractive part is realized by a many-body potential. The parameters n, m, ε , σ and c are material dependent and related to the specific lattice type. The parameter values for silver are given in Table B1 .
The potential variation on atom B due to the movement of atom A in different shear planes (see Figure B2 ) can be calculated based on Equation (B.1) and the lattice structure information. The results for silver are shown in Figure B3 . It can be seen that the shape of the variation function is exactly of the downward bowl shape, which indicates that the shear stiffness is negative. This is consistent with the fact that the Poisson's ratio of silver is greater than the critical value (0.25 for 3D and 0.33 for 2D). Figure 8．The y-direction displacement along the top surface of the square hole with 3 10 MPa E = and two different Poisson's ratios. Table B1 . The set of parameters of Finnis-Sinclair potential for silver.
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